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Abstract 
In this work, the elasto-plastic behaviour of the bone tissue, in the presence of dental implants, is numerically obtained using a 
discrete meshless method - the Natural Neighbour Radial Point Interpolation Method (NNRPIM). Within the NNRPIM the nodal 
connectivity is enforced using the Natural Neighbour concept. Additionally, using the same mathematical concept, it is possible to 
obtain the background integration mesh. The NNRPIM is a truly meshless method, because the construction of the nodal 
connectivity and the integration mesh depends uniquely on the nodal mesh discretizing the problem. No other spatial information 
is required. The integration mesh is used in the numerical integration of the integro-differential equations governing the physic 
phenomenon. The NNRPIM interpolation functions are constructed using the Radial Point Interpolators (RPIs). These functions 
are used as the trial functions of the Galerkin weak form, which permits to define the discrete system of equations. The obtained 
interpolation functions possess the delta Kronecker property, which simplify the imposition of the natural and essential boundary 
conditions. Since in this work it is performed an elasto-plastic analysis of the bone tissue, a non-linear solution algorithm must be 
adopted. In this work the Newton-Raphson initial stiffness method is considered. Additionally, the efficient “forward-Euler” 
procedure is used in order to return the stress to the yield surface. Experimental studies reveal that the bone tissue show a distinctive 
yielding followed by a constant nominal stress plateau for both uniaxial and confined compression, which can be represented with 
a classic “linear elastic – linear plastic” material behaviour. Thus, in this work, it is used the von-Mises yield surface to characterize 
the plastic behaviour of trabecular bone. 
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1. State-of-the-art 
Meshless methods are advanced discretization techniques which allow to discretize the problem physical domain 
using only an unstructured nodal distribution [1] [2] [3]. In meshless methods, the field functions (shape functions) 
are approximated within an ‘influence-domain’ rather than an element. In meshless methods, the ‘influence-domain’ 
concept corresponds to the ‘element’ concept in the Finite Element Method (FEM) [4] [5].  In the FEM formulation, 
‘elements’ cannot overlap each other. In opposition, in meshless methods the ‘influence-domains’ may and must 
overlap each other. It is possible to define and classify a numerical method by three fundamental modules: the field 
approximation (or interpolation) function, the used formulation and the numeric integration scheme [5].  
1.1. Meshless methods 
The first developed meshless methods use approximations functions because such functions permit to produce 
smoother solutions. Additionally, in the first meshless formulations, the influence-domains were obtained using fixed 
radial searches. The background integration mesh, used to integrate the integro-differential equations governing the 
studied physic phenomenon, was constructed using integration cells, which are independent on the nodal distribution. 
Thus, it can be said that the first meshless approaches inherit the integration scheme from the FEM.  
The Diffuse Element Method (DEM) [6] was the first mature meshless method for computational mechanics. The 
DEM constructs the approximation functions using the Moving Least Square approximants (MLS), which were 
proposed by Lancaster and Salkauskas [7] for surface fitting. Afterwards, the DEM was enhanced by Belytschko and 
co-workers, allowing the development of the element free Galerkin method (EFGM) [8]. The Smoothed-Particle 
Hydrodynamics method (SPH) is one of the oldest meshless methods ever developed [9]. Firstly developed for 
astronomy, the SPH is in the origin of the Reproducing Kernel Particle Method (RKPM) [10]. The meshless local 
Petrov-Galerkin method (MLPG) [11] is another important meshless method, initially developed to solve linear and 
nonlinear potential problems. Later, Oñate and co-workers [12] [13] [14] developed a new meshless method, the Finite 
Point Method (FPM) [12] [13] [14], which uses a stabilization technique to perform the numeric integration. 
Distinct from the previous mentioned meshless methods, the Radial Basis Function Method (RBFM) [15] [16] is a 
meshless technique that uses radial basis functions to approximate the variable fields within the entire domain or in 
small domains. The RBFM uses the strong formulation and it does not require an integration mesh. The RBFM was 
initially applied to approximate multidimensional data [17]. Afterwards, it was used to solve differential equations 
[18] [19]. 
Meshless methods using approximation functions are efficient and accurate advanced discretization techniques. 
However, they present some computational problems. One of these problems is the lack of the delta Kronecker 
property of the approximation functions. The absence of the delta Kronecker property hinders the direct imposition of 
the essential and natural boundary conditions, which have to be enforced by computational expensive numeric 
techniques, such as the Lagrange multipliers [5]. 
Thus, to solve the above mentioned problem, the computational mechanics community developed several 
interpolant meshless methods in the last few years, such as: the Point Interpolation Method (PIM) [20]; the Point 
Assembly Method (PAM) [21]; the Radial Point Interpolation Method (RPIM) [22] [23]; the Meshless Finite Element 
Method (MFEM) [24]; the Natural Neighbour Finite Element Method (NNFEM) [25]; the Natural Element Method 
(NEM) [26] [27]; the Natural Neighbour Radial Point Interpolation Method (NNRPIM) [28] [5] [29] and; the Natural 
Radial Element Method (NREM) [30] [31] [32]. 
The RPIM and the NNRPIM have its origin in the PIM [20]. Based only on a group of arbitrarily distributed points, 
the PIM technique permits to construct polynomial interpolants possessing the delta Kronecker property. However, 
the PIM has too many numerical problems, for instance the perfect alignment of the nodes produces singular solutions 
in the construction process of the interpolation function. Therefore, Wang and Liu enhanced the PIM and created the 
RPIM [22]. In this meshless method a Radial Basis Function (RBF) was included in the construction process of the 
interpolation function, stabilizing the technique. The RPIM early works used the Gaussian and the multiquadric RBF 
(MQ-RBF) [22] [23]. In the research work presented by Kansa [15] [16], the RBF was firstly used to solve partial 
differential equations. However the RPIM uses, unlike Kansa’s algorithm, the concept of “influence-domain” instead 
of “global-domain”, generating sparse and banded stiffness matrices, more adequate to complex geometry problems.  
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The NEM and the NNFEM apply the natural neighbour concept to enforce the nodal connectivity and use the Sibson 
interpolation functions to construct the shape functions. The combination between the NEM and the RPIM originated 
the NNRPIM [28] [5], which is the object of this work. More recently, the NNRPIM evolved and the NREM was 
created [30] [31] [32]. The NREM is an efficient and accurate truly meshless method, which presents a low order 
nodal connectivity.  
1.2. Natural Neighbour Radial Point Interpolation Method 
The NNRPIM is the next step in the radial point interpolation (RPI) methods. In the NNRPIM formulation, the 
classic ‘influence-domain’ concept, which allow to impose the nodal connectivity, is replaced by the ‘influence-cell’ 
concept. The ‘influence-cells’ are obtained using Voronoï diagrams [33] and the Delaunay tessellation [34]. 
First, the problem domain is discretized with a nodal distribution. Then, the Voronoï diagram of the nodal 
distribution is built. The Voronoï diagram is also a discrete structure built by numerous Voronoï cells. Each one of 
the Voronoï cells is unequivocally associated with one node (and only one node) discretizing the problem domain. 
The neighbouring cells of each interest point, permit to define the ‘influence-cell’ of that interest point [5]. 
Additionally, the Voronoï cells can be used to construct the background integration mesh, which consequently will be 
completely node-dependent. Thus, the NNRPIM can be considered a truly meshless method.  
The NNRPIM formulation uses the RPI technique to construct the shape functions, used as test function in the 
Galerkin weak form. Nevertheless, there some relevant differences between the NNRPIM formulation and the classic 
RPIM formulation, which are sufficient to modify the method performance. For instance, the NNRPIM uses a 
polynomial constant basis ( ( ) 1
I
 p x ) and a MQ-RBF with the following shape parameters: 0.0001c   and 
0.0001p  . 
The NNRPIM is a recently developed meshless method [28]. However, it has been extended to many fields of the 
computational mechanics, such as the static analysis of isotropic and orthotropic plates [35] and the functionally 
graded material plate analysis [36], the 3D shell-like approach [37] for laminated plates and shells [38]. The dynamic 
analysis of several solid-mechanic problems was performed as well [39] [40] [41] [42]. The NNRPIM was also tested 
for more demanding applications, such as the material nonlinearity [43] and the large deformation analysis [44]. More 
recently the NNRPIM was extended to the analysis of the bone tissue remodelling phenomenon [5] [45] [46] [46] [47] 
[48]. 
2. Elasto-plastic formulation  
To capture the nonlinear behaviour of an elastoplastic material it is necessary to define the mathematical law for 
the plastic component of the deformation. Therefore, three aspects should be considered: a yield criterion, indicating 
the stress level in terms of the stress tensor and permitting to analyse the beginning of the plastic regime; a flow rule, 
defining the relationship between stress and deformation after plastification; and a hardening law, describing if, and 
how, the yield criterion depends on the plastic deformation [49]. 
The yield criterion permits to define the beginning of the plastic regime. Usually, a yield criterion can be formulated 
as: ( , ) ( ) ( ) 0YF fN V N   V V . Being V  the stress tensor and N  the hardening parameter. The yield function is 
the scalar function ( )f V  and ( )YV N  is the yield stress, defining the elastic limit of the material. If the stress state at 
a point leads to ( ) ( )Yf V NV , this means that point shows an elastic behaviour, governed by the linear equations of 
the theory of elasticity [50]. On the other hand, if ( ) ( )Yf V N V , this signifies that the point is yielding. The yield 
criterion used in this work is the Hill yield criterion [51],  
  122 2 2 2 2 22 ( ) ( ) ( ) 6( )
2 xx yy yy zz zz xx xy yz zx
f V V V V V V V W W W         ª º¬ ¼V   (1) 
This yield function can be developed and the following expression is obtained with.  
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 122 2 2 2 2 23 3 3xx yy zz xx yy yy zz zz xx xy yz zxf V V V V V V V V V V W W W        ª º¬ ¼V   (2) 
In this works it is considered the associated flow rule, since the plastic flow is associated with the yield criterion. 
The Prandtl-Reuss flow rule defines that the plastic strain is defined as,  
p
f
d d dO Ow  w aH V    (3) 
where dO  is the plastic rate multiplier and a  is the flow vector, normal to the adopted yield function, f , defined 
by equation (2). The flow vector can be presented as 
/
T
xx yy zz xy yz zx
f f f f f f
f V V V V V V
w w w w w w w w  w w w w w w
­ ½® ¾¯ ¿
a V   (4) 
Following the linear elastic Hooke law, the following relation between the stress rate dV  and the elastic strain rate 
edH  is assumed:  
 e pd d d d  c cV H H  H    (5) 
being dH  the total strain rate and pdH  the plastic strain rate. Considering the associated flow rule, equation (3), 
and assuming that the yield surface, ( , )F NV , only depends on the magnitude of the applied principal stresses and of 
a hardening parameter N , equation (5) can be rewritten as 
 d d dO c aV H     (6) 
The stress must remain on the yield surface in order to occur plastic flow. Therefore,  
0Y T
f
dF d d d Ad
V NN O
ww w w   aV V V     (7) 
being A  an hardening parameter that depends on the hardening rule [49], defined by,  
1 YA d
d
V NO N
w w    (8) 
Applying equation (6) on equation (7), 
T
T
d
d
A
O  
a c  
a c a
H
   (9) 
Introducing the value of dO  into equation (5), the stress rate can be written as,  
T T
tT T
d
d d d d
A A
    
§ ·¨ ¸© ¹
a c c a a c
c c a = c c
a c a a c a
HV H H  H   (10) 
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where tc  is the tangential constitutive matrix. In order to define explicitly the hardening parameter A , the work 
hardening hypothesis is employed [49] considering the associated flow rule. Since all the non-linear material used in 
the present work shows a linear elastic-linear plastic hardening behaviour, the hardening parameter A  can be defined 
as in [49], i.e. / (1 / )To To oA E E E  . Being oE  and ToE  the elastic modulus and the tangential modulus in the 
reference direction respectively.  
Here, the material behaviour is modelled in the form of an incremental relation between the incremental stress 
vector and the strain increment. In order to force the stress to return to the yield surface the “backward-Euler” 
procedure [52] is considered. 
This work considers a variation of the Newton-Raphson non-linear solution method - initial stiffness method 
combined with an incremental solution (KT0) - in order to solve the nonlinear equations [52]. Within this approach, 
the stiffness matrix is calculated only once: in the first iteration of the first load increment. The non-linear solution 
algorithm is schematically presented in Fig. 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1 - Non-linear solution algorithm.  
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3. Numeric Example 
In this work, a titanium implant is inserted in a bone tissue patch. As Fig. 2(a) represents, the bone patch is 
constituted by a bulk of trabecular tissue (isotropic and homogeneous) covered by a top thin layer of cortical tissue. In 
this example, only the trabecular bone is assumed as a nonlinear material. The material involved in the analysis have 
the following Young modulus and Poisson’s coefficient: 115titaniumE = GPa  and 0.32titanium =X ; 
0.68gumE = GPa  and 0.45gum =X ; 13.5corticalE = GPa  and 0.30cortical =X ; 0.35trabecularE = GPa  and 
0.16trabecular =X . In this example, only the trabecular bone is assumed as a nonlinear material. Thus, for the trabecular 
bone, the tangential modulus is: 18.5TE = MPa  and the yield stress is: 13.4Y = MPaV . 
The essential and natural boundary conditions of the model are represented in Fig. 2(b). The punctual load applied 
in the implant as the following angle: 80º=D . The problem domain was discretized with the nodal distribution 
presented in Fig. 2(c) and the analysis was performed considering the plane strain deformation theory. 
The problem was analyzed with the NNRPIM formulation and assuming the nonlinear algorithm presented in Fig. 
1. The results regarding the von Mises effective stresses for increasing incremental loads are presented in Fig. 2(d).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(a) (b) (c) 
   
 
 
 
 
 
 
 
 
 
 
(d) 
Fig. 2 – (a) Schematic representation of the model. (b) Displacement constrains and punctual force applied. (c) Nodal mesh (3882 nodes). (d) von 
Mises effective stress for increasing incremental loads: 113N, 131N, 155N, 181N, 201N and 223N (from left to right).  
As Fig. 2(d) shows, below the implant, the trabecular bone starts to enter in the plastic regime for a punctual load 
of 113N. When this value of the punctual load reaches the 223N, the majority of the trabecular bone surrounding the 
implant is already in the plastic zone.  
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4. Conclusions 
In this work, the Natural Neighbour Radial Point Interpolation Method (NNRPIM) was extended to the 
biomechanical analysis of the interaction between dental implants and bone tissue. Additionally, an elasto-plastic 
model was developed to predict the biomechanical behaviour of the trabecular bone tissue.  
The proposed model, combined with the NNRPIM, was validate by the obtained results. This numeric approach 
can be used, in the near future, to assist the selection of the best clinical solution. The developed work and the obtained 
results permit to conclude that the NNRPIM, being an accurate and flexible meshless method, has the potential to 
progress on the immediate future in several biomechanics fields. 
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